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NUMERICAL SIMULATION

OF AXISYMMETRIC TURBULENT JETS

UDC 532.517.4A. G. Demenkov1, B. B. Ilyushin1,3, and G. G. Chernykh2,3

The flow in axisymmetric turbulent jets is numerically simulated with the use of a semi-empirical
second-order turbulence model including differential transport equations for the normal Reynolds
stresses. Calculated results are demonstrated to agree with experimental data.
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Introduction. The dynamics of a circular turbulent jet, which is the classical problem of experimental,
theoretical, and computational fluid dynamics, has been studied in many papers (see [1–14] and the references
therein). The flow in circular turbulent jets at significant distances from the sources was studied in experiments [1,
8]. The experiments [1] were performed at a Reynolds number Re = UjetD/ν = 105 determined on the basis of the
jet velocity Ujet and nozzle diameter D with x/D = 30–100; the experiments [8] were performed at Re = 1.1 · 104

and x/D = 30–160. The experiments [1, 8] were performed by different techniques, and the examined jets exhibit
differences in a number characteristic parameters. Possibly, this is the reason for different interpretations of the
data obtained. Amielh et al. [9] performed experiments to study the flow dynamics in the near field of turbulent jets
of gases with different densities (non-self-similar regimes) in a co-flow, and the data obtained were compared with
the results [1, 8]. Laboratory measurements were performed at Re = 2.1 · 104 and x/D = 0–30. Gharbi et al. [10]
reported results of numerical simulations of circular turbulent jets obtained by using a model including transport
equations for all components of the Reynolds stress tensor and dissipation rate of the turbulent kinetic energy.
The calculated results are shown to be consistent with the experimental data [9]. Piquet [11] performed a detailed
analysis of data obtained in experimental and theoretical (including numerical) studies of such flows. Ilyushin and
Krasinsky [14] performed a numerical study of a free circular turbulent submerged jet by the large eddy simulation
(LES) method; the conditions of experiments [12, 13] were modeled, the calculated and measured characteristics of
turbulence were compared, and the influence of the model constants and parameters of the numerical algorithm on
the accuracy of calculations was analyzed.

Though various turbulent jet flows have been studied in much detail, some issues have not be addressed. In
particular, numerical models of axisymmetric jet flows are not complete. Numerical simulations performed in [10,
14] were compared with experimental data in the near field of the jet. Piquet [11] reviewed the results of numerical
analyses of the flow under the test conditions [1, 2] performed with the use of several semi-empirical models of
turbulence. As far as we are aware, no numerical simulations of the flow in the far field were performed on the
basis of the experimental data [8], which are the most complete ones. There is no unified mathematical model that
would allow both the near field (x/D � 30) and the far field (x/D � 30) to be calculated. The present paper is
aimed at filling these gaps.
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1. Formulation of the Problem. The flow is described with the use of the following system of averaged
equations (boundary-layer approximation):
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Here (x, r, ϕ) is a cylindrical coordinate system with the origin on the nozzle exit, U , V , u′, v′, and w′ are the
corresponding components of velocity of the mean and fluctuating motion, and 〈u′v′〉 is the Reynolds shear stress;
the averaging is denoted by broken brackets. In the right side of Eq. (1), the term including molecular viscosity is
assumed to be small and, hence, is omitted. The sought functions do not depend on the ϕ coordinate, because the
jets considered are axisymmetric.

System (1), (2) is not closed. The turbulent shear stress is determined from the known Rodi’s relations [2, 5]

〈u′v′〉 = λ〈v′2〉 ∂U
∂r

, λ = − 1 − C2

C1 − 1 + P/ε

e

ε
. (3)

The normal Reynolds stresses (2e = 〈u′2〉 + 〈v′2〉 + 〈w′2〉) and the dissipation rate ε are found from the
transport equations:
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The expression for the turbulent energy production P in (3)–(7) has the form

P = −〈u′v′〉 ∂U
∂r

.

The mathematical model used in the present work is close to the model described in [15, 16], where a swirling
turbulent wake behind a self-propelled body was studied; the present model is a simplification of the latter model
to a non-swirling flow. The model structure is caused by anisotropy of turbulence degeneration in the jet.

In equations and relations (3)–(7), the quantities Cs, Cε, α, C1, C2, Cε1, and Cε2 are empirical constants.
We used their standard values [5, 6]: Cs = 0.22, Cε = 0.17, α = 0.6, C1 = 2, C2 = 0.6, Cε1 = 1.45, and Cε2 = 1.92.
For x = x0, the initial conditions were set in the form of distributions of U , 〈u′2〉, 〈v′2〉, 〈w′2〉, and ε correlated with
experimental data. The initial values of ε were determined from the known Kolmogorov’s relation ε = γe3/2/r1/2,
where r1/2 is found from the equality e(x0, r1/2) = e(x0, 0)/2 and γ is an empirical constant. As r → ∞, either an
undisturbed flow or a co-flow was modeled. For an undisturbed flow, the values of U , 〈u′2〉, 〈v′2〉, 〈w′2〉, and ε were
assumed to be equal to zero. In modeling a co-flow, the von Neumann condition was imposed for these variables.
At r = 0, the sought quantities satisfied the conditions
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The initial and boundary conditions for 〈v′2〉 and 〈w′2〉 are such that 〈v′2〉 ≡ 〈w′2〉.
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Fig. 1. Axial values of the mean velocity along the centerline Uc: curves 1 and 3 are obtained with
Re = 105 and x/D = 30–100 (curve 1 shows the experimental data [1] and curve 3 shows the
calculated results); curves 2 and 4 are obtained with Re = 1.1 · 104 and x/D = 30–160 (curve 2
shows the experimental data [8], and curve 4 shows the calculated results).
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Fig. 2. Radial profiles of the mean streamwise velocity component U (a), Reynolds shear stress 〈u′v′〉 (b),
and intensities σu and σv of turbulent fluctuations of velocity components (c and d): curves 1 and 3
are obtained with x/D = 100 (curve 1 shows the experimental data [1], and curve 3 shows the results
calculated with the initial conditions from [1]); curves 2 and 4 are obtained with x/D = 160 (curve 2 shows
the experimental data [8], and curve 4 shows the results calculated with the initial conditions from [8]).
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Fig. 3. Radial profiles σu (a) and σv (b) for x/D = 20: the points are the experimental data [9], and the
curves are the calculated results.

The variables in the problem can be normalized by using the scales of the axial velocity of the jet at the
nozzle exit Ujet and the characteristic length D (nozzle diameter).

In the numerical solution, we passed to the variable ψ [rU = ∂ψ/∂r and −rV = ∂ψ/∂x], introduced a
uniform grid, and applied implicit finite-difference schemes with iterations in terms of nonlinearity. The algorithm
of problem solution is conservative in terms of the law of conservation of momentum; it was tested in detail in [16].

In simulating the test conditions [1, 8] and [9], the boundary conditions were shifted from infinity to a
rather far-away boundary: r/D = 100 and r/D = 10, respectively. For the initial conditions [1, 8], the step of the
difference grid was chosen to be hx/D = 0.005 for the variable x and hr/D = 0.2 for the spatial variable. The
calculations of the near field of the jet flow [9] were performed for hx/D = 5 · 10−5 and hr/D = 0.02. Reduction
of these parameters by a factor of 2 led to deviations in the grid analog of the norm of the space of continuous
functions smaller than 1%.

2. Calculation Results. The first series of numerical experiments was performed for the far field of the
jet [1, 8]. The initial conditions in the calculations were set at x/D = 60, because the experimental profiles of the
normal Reynolds stresses and the mean streamwise velocity component were not given in [1, 8] for smaller distances.
The calculated and experimentally measured axial values of the mean streamwise velocity component are plotted
in Fig. 1 (the notation from [1, 8] is used in Figs. 1 and 2). The calculated results are seen to be in reasonable
agreement with the experimental data.

The transverse distributions of the streamwise velocity component U , Reynolds shear stress 〈u′v′〉, and
intensities of turbulent fluctuations of the horizontal component of velocity (σu =

√〈u′2〉 ) and vertical component
of velocity (σv =

√〈v′2〉) are plotted in Fig. 2. The calculated results agree with the experimental data.
To study the behavior of the turbulent jet characteristics at large distances from the nozzle exit, we performed

a numerical experiment where we analyzed the changes in the calculated characteristic scales of turbulence
√
e0/Uc,

U0/Uc, LU/D, and Le/D, depending on the distance. The length scales were found from the relations

LU : U(x, LU ) =
1
2
U(x, 0) =

1
2
U0, Le: e(x, Le) =

1
2
e(x, 0) = e0.

For x/D � 500, the decay laws were found to be close to the known classical decay laws Uc ∼ x−1,
√
e0 ∼ x−1,

LU ∼ x1, and Le ∼ x1. Affine similarity of the transverse distributions of the corresponding functions was observed;
for the initial conditions [1, 8], these functions almost coincided. The behavior of the ratio of the turbulent energy
production to its dissipation rate P/ε was also analyzed. It turned out that the maximum value of this quantity
stays in the interval P/ε ∈ (0.80, 0.95) and almost does not decrease with increasing distance. For comparison, it is
worth noting that the maximum value in a swirling turbulent wake behind a self-propelled body [16] is P/ε ≈ 0.3
at x/D = 20, and its value decreases with increasing distance from the body.

The next series of numerical experiments was performed on the basis of the experimental data [9], where
the flow in the near field of a turbulent jet was studied. In the calculations, the initial conditions were imposed at
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x/D = 14. An attempt to impose initial conditions at smaller distances from the nozzle yielded significant errors
caused, apparently, by the boundary-layer approximation used in this work.

Figure 3 shows the calculated and measured transverse distributions of intensities of velocity fluctuations
σu and σv for x/D = 20 (Ue is the co-flow velocity). The calculated results are in reasonable agreement with
the experimental data. In addition, reasonable agreement with the experimental data [9] is reached in terms of
degeneration of the axial values of the intensities σu and σv, mean velocity U , jet half-width Lu, and transverse
distributions 〈u′v′〉.

As was noted above, the mathematical model considered is a simplified modification of the mathematical
model described in [15, 16] for the case of non-swirling jet flows. Without any additional calibration, the model
provides a detailed description of the jet flow and the swirling turbulent wake flow behind a self-propelled body.
Thus, semi-empirical models of turbulence are fairly universal.

Conclusions. A numerical model of the dynamics of a turbulent axisymmetric jet is constructed with
the use of a mathematical model including differential transport equations of the normal Reynolds stresses. The
calculated results are in reasonable agreement with experimental data both for the near field and for the far field
of the jet flow.

This work was supported by the Russian Foundation for Basic Research (Grant Nos. 06-01-00724-a and
07-01-00363-a).
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